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§1. Introduction
Let p be a fixed prime. Throughout this paper Z, Z p , Q p , and C p will, respectively, denote the ring of rational integers, the ring of p-adic rational integers, the field of p-adic rational numbers and the completion of algebraic closure of Q p , cf. [1, 2, 3] . Let v p be the normalized exponential valuation of C p with |p| = p −v p (p) = p −1 and let a + p N Z p = {x ∈ Z p |x ≡ a( mod p N )}, where a ∈ Z lies in 0 ≤ a < p N . In this paper we assume that q ∈ C p with |1 − q| < p For any positive integer N we set
and this can be extended to a distribution on Z p . In this paper µ q will be called p-adic q-invariant distribution on Z p .
For f ∈ C (1) (Z p , C p ) = {f |f : Z p → C p is C (1) -function }, the above distribution µ q yields an integral as follows:
x , ( see [1] ) .
This integral is called q-Volkenborn integration, cf. [1] . In [1, 3] , the q-Bernoulli numbers are defined as
Note that
Also, the q-Bernoulli polynomials are defined by
Let C(Z p , C p ) be the space of continuous function on Z p with values in C p , provided with norm ||f || ∞ = sup x∈Z p |f (x)|. The difference quotient ∆ 1 f of f is the function of two variables given by
A function f : Z p → C p is said to be a Lipschitz function if there exists a constant M > 0 ( the Lipschitz constant of f ) such that
The C p -linear space consisting of all Lipschitz function ( or
. This space is a Banach space with respect to the norm ||f || 1 = ||f || ∞ ∨ ||∆ 1 f || ∞ . The purpose of this paper is to derive the analogue of Lebesgue-Radon-Nikodym theorem with respect to p-adic q-invariant distribution on Z p which is defined by author in [1] .
2. Analogue of Lebesgue-Radon-Nikodym theorem with respect to µ q on Z p
For f ∈ C (1) (Z p , C p ), the q-Volkenborn integral is defined by
This definition is based on the p-adic q-distribution on Z p , defined by
. By the meaning of the extension of q-Volkenborn integral, we consider the below weakly (strongly) p-adic q-invariant distribution µ q on Z p , satisfying
where δ n → 0, a ∈ Z, and δ n is independent of a ( for strongly p-adic q-distribution, δ n is replaced by cp −n , where c is positive real constant ). Let f (x) be be a function on Z p . Then the q-Volkenborn integral of f with respect to weakly µ q is (6)
if the limit exists. In this case we say that f is q-Volkenborn integrable with respect to µ q . A distribution µ q on Z p is called 1-admissible if
where c n → 0. If µ q is 1-admissible on Z p , then we see that µ q is a weakly p-adic q-invariant distribution on Z p . Let µ q be a weakly p-adic q-invariant distribution on
exists for all x ∈ Z p , and converges uniformly with respect to x. We define the q-analogue of Radon-Nikodym derivative of µ q with respect to p-adic q-invariant distribution on Z p as follows:
If µ q is strongly p-adic q-invariant distribution on Z p , then we see that
for some constant C, and m < n.
For n >> 0, we note that
where C 1 is positive real constant.
Therefore we obtain the following proposition :
where the integral is q-Volkenborn integral.
By(10), we obtain the following proposition:
be an arbitrary polynomials. We now give the proof that µ P,q is a strongly p-adic q-invariant distribution on Z p . It is enough to prove the statement for P (x) = [x] k q . Let a be an integer with 0 ≤ a < p n . Then we see that
, we note that
Thus, we have
The Eq.(12) can be rewritten as
, where x n , x n+1 are positive integers such that 0 ≤ x n < p n and 0 ≤ x n+1 < p n+1 . Then (14)
By (3), (8), (13) and (14), we easily see that
Thus, we note that
For all x ∈ Z p , we have f µ P,q (x) = P (x), since f µ P,q (x) is continuous in (7). Now let g ∈ C
(1) (Z p , C p ). By (12), we easily see that
where the last integral is q-Volkenborn integral on Z p which is defined by author in [1] . Therefore we obtain the following theorem:
be an arbitrary polynomials. Then µ P,q is a strongly p-adic q-invariant distribution, and for all x ∈ Z p ,
where the second integral is q-Volkenborn integral.
Let f (x) = ∞ n=0 a n,q x n q be the q-Mahler expansion of the C (1) -function of f .
Here,
. Then we note that lim n n|a n,q | = 0, (see [2] ). Remark. In the recent, the q-Mahler expansion was introduced by K. Conrad, cf. [2] .
Then ||f −f m || 1 ≤ sup n≥m n|a n,q |, cf. [1, 2] . Writing f = f m + (f − f m ). By using (11), we can observe that
From Theorem 3, we note that µ f m ,q is a strongly p-adic q-invariant distribution on Z p . Moreover, if m >> 0, then we know that
where C 3 is some positive real constant. Also for m >> 0, it follows that ||f || 1 = ||f m || 1 and so
where C 4 is also some positive real constant.
We now observe that
Now if we fix ǫ > 0, and fix m such that ||f − f m || 1 ≤ ǫ, then for n >> 0, we have
That is,
where C 6 , C 7 , M are some positive real constants.
Thus, µ q − µ 1,q is a distribution and bounded. Hence, µ q − µ 1,q is a measure on Z p . Therefore we obtain the following theorem:
Theorem 4. Let µ q be a strongly p-adic q-invariant distribution on Z p , and assume that the Radon-Nikodym derivative f µ q on Z p is a C
(1) -function. Suppose that µ 1,q is the strongly p-adic q-invariant distribution associated to f µ q (µ 1,q = δ(f µ q )), then there exists a measure µ 2,q on Z p such that (19) µ q = µ 1,q + µ 2,q .
Eq.(19) is p-adic analogue of Lebesgue decomposition with respect to strongly p-adic q-invariant distribution on Z p .
